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Integer quantum Hall state
• electrons filling n Landau levels
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Electrons above filled Landau levels: localized by defects
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Fractional QH effect
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Fractional quantum Hall state
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Without interactions, ground state has huge degeneracy

Interactions somehow lift the degeneracy, make system gapped
at particular values of the filling factor 
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QHE in graphene

lmfp < L/2 and the conductivity s!n1=2
s , as expected for ballistic

transport (Fig. 1b, c). Furthermore the lowest carrier density, typi-
cally ns0 < (2–10) 3 109 cm22, is more than an order of magnitude
below that achieved in non-suspended samples, attesting to a much
smaller density inhomogeneity10. For non-ballistic samples (gra-
phene as well as 2DES in semiconductors), the sample quality is
usually characterized by the carrier mobility. In ballistic graphene
samples however, the value of mobility is meaningful only when it
is associated with the carrier density at which it is measured. For the
sample studied here, the Drude mobility, mD~s=nse, at ns < 1010 cm22

is 260,000 cm2 V21 s21, and exhibits the !ns
{1=2 dependence on

carrier density expected for ballistic devices (the field effect mobility
at the same density is mfe~

1
e

ds
dns

<200,000 cm2V{1s{1).

We studied the two-terminal magneto-transport in suspended
graphene samples at temperatures ranging from 1.2 K to 80 K and
fields up to 12 T. The relation between magneto-resistance oscilla-
tions and the quantum Hall effect measured in two-terminal devices
is now well understood. It has been shown theoretically21 that, for
clean samples and low temperatures, the two-terminal conductance
displays plateaus at values G~n e2

h that are precisely the same as the
quantum Hall effect plateaus in the Hall conductance. In between
the plateaus the conductance is non-monotonic, depending on the
sample aspect ratio, W/L. In our devices where W . L, the conduc-
tance is expected to overshoot between plateaus, as is indeed
observed (Fig. 1d). Our two-terminal measurements reveal well-
defined plateaus associated with the anomalous quantum Hall effect
that appear already in fields below 1 T. Above 2 T additional plateaus
develop at n 5 21 and at n 5 3, reflecting interaction-induced lifting
of the spin and valley degeneracy (Figs 2a and 3c). At low tempera-
tures and above 2 T, we observe a FQHE plateau at n 5 21/3 which
becomes better defined with increasing field (Fig. 2a). When plotting
G versus n, the curves for all values of B collapse together (Fig. 2b),
and the plateaus at n 5 21/3, 21 and 22 show accurate values of the
quantum Hall conductance.

The FQHE in semiconductor based 2DES reflects the formation of
an incompressible condensate, which can be described by a Laughlin
wavefunction22. In the composite-fermion generalization of the
FQHE4,23, a strongly correlated electron liquid in a magnetic field
can minimize its energy when the filling factor belongs to the series
n~ p

2sp+1 (with s and p integers) by forming weakly interacting com-
posite particles consisting of an electron and an even number of
captured magnetic flux lines. In this picture, the FQHE with
n 5 1/3 corresponds to the integer quantum Hall effect with n 5 1
for the composite particles consisting of one electron and two flux
lines. Excitations out of this state would produce fractionally charged
quasiparticles q* 5 e/3, at an energy cost of the excitation gap, D1/3,
which provides a measure of the state’s robustness. It is not obvious a
priori that the correlated state leading to the FQHE for the relativistic
charge carriers in graphene is the same as that for the 2DES in semi-
conductors. In fact, several competing mechanisms have been dis-
cussed in the theoretical literature4–9, involving states that break
SU(4) symmetry as well as possible compressible, composite fermion
Fermi sea states7. Interestingly, despite the qualitative difference in
Landau level spectra between Dirac fermions in graphene and the
non-relativistic electrons in semiconductors, the n 5 1/3 state is
formally expected to be the same in both cases4,5 but with the pseu-
dospin in graphene playing the role of the traditional electron spin in
the non-relativistic case. In order to distinguish experimentally
between the various mechanisms, it is useful to study the quasipar-
ticle excitation energy. In multi-lead transport measurements, such
as the Hall bar configuration, this can be obtained from the temper-
ature dependence of the longitudinal conductance. However, in a two-
terminal measurement it is not possible to separate the longitudinal
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Figure 1 | Characteristics of the suspended graphene devices. a, False-
colour scanning electron microscopy image of a typical suspended graphene
device. The two centre pads are used for both current and voltage leads, while
the outer pads are for structural support. The lead separation is L 5 0.7mm,
and the typical graphene width is 1.5–3 mm. b, Carrier density dependence of
the resistivity of a suspended graphene device in zero field. The sharp gate
control of resistivity near the Dirac point indicates a low level of
perturbation from random potentials. c, Carrier density dependence of the
mean free path, lmfp~

s h
2e2(pns)1=2, of the sample in b. Note that on the hole

branch, lmfp < L/2, as expected for ballistic junctions. d, Conductance of the
suspended graphene sample as a function of filling factor n for B 5 1 T and
T 5 1.2 K. The plateaus seen at integer filling factors correspond to the
quantum Hall effect, as discussed in the text. The maxima in between the
plateaus agree with the theoretical expectations21 for a two-terminal
graphene junction with the geometry of our sample, W/L . 1. The quantum
Hall plateaus are better defined and narrower for the hole branch (negative
filling factors), indicating less scattering of hole carriers, consistent with the
lower resistance and longer mean free path on the hole branch, as shown in
b and c.
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Figure 2 | FQHE in suspended graphene. a, Gate voltage dependence of
resistance for the sample in Fig. 1, at indicated magnetic fields and T 5 1.2 K.
Already at 2 T we note the appearance of quantum Hall plateaus outside the
non-interacting sequence, with R~ 1

v
h

e2 ,v~1,1=3. b, Hole conductance as a
function of filling factors for B 5 6T, 8T, 10T and 12T at T 5 1.2 K, showing

that the data collapse together. Quantum Hall plateaus with conductance
values G~v e2

h ,v~1,1=3, appear at the correct filling factors of n5 21, 21/
3. c, Temperature dependence of the quantum Hall plateau features. The
plateaus at n 5 21/3, 21 become smeared out with increasing T and
disappear for T . 20 K.
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for fabrication details). These devices are mechanically more robust
and tend to better survive thermal cycling, compared to the previ-
ously studied multiprobe specimens19. The devices are measured in a
cryostat capable of magnetic fields B up to 14 T and temperatures T
between 2 and 15 K. The two-terminal conductance G is recorded as a
function of B, T and n, which is tuned by adjusting the voltage VG

between the graphene and the back gate electrode. We limit
jVGj, 10 V in order to avoid collapse of the graphene due to elec-
trostatic attraction, limiting the accessible carrier densities to
jnj, 3.5 3 1011 cm22. At T 5 2 K, a sharp peak in resistance
R 5 1/G is evident around the Dirac point VD < 2 V; at this gate
voltage, graphene is charge neutral (Fig. 1b). From the observed
full-width at half-maximum of R(VG), we estimate the density
inhomogeneity of the suspended graphene to be less than
1 3 1010 cm22 (refs 19, 21).

We first confirm the high quality of the suspended graphene
devices by studying them at low magnetic fields. Remarkably, even
at B 5 0.3 T we observe a developing plateau in G at 2e2/h associated
with the IQHE at n 5 2. At B 5 1 T, fully developed plateaus are
evident at n 5 62, 66, 610 (Fig. 1c). It is convenient to visualize
the IQHE by means of a Landau fan diagram, where the derivative
jdG/dn(B,n)j is plotted as a function of B and n (Fig. 1c). At a
quantum Hall plateau corresponding to filling factor n, the conduc-
tance remains constant G(VG) 5 ne2/h, and the electron density is
given by n(B) 5 Bn/Q0, where Q0 5 h/e is the magnetic flux quantum.
Therefore, quantum Hall plateaus dG/dn 5 0 appear as stripes fanning
out from point B 5 0, VG 5 VD and with slope dn/dB 5 n/Q0. We
observe such stripes down to B , 0.1 T, indicating that the quantum
Hall effect survives to very low fields. Assuming mB? 1 for the IQHE
to exist19, this observation implies a lower bound for the mobility of
,100,000 cm2 V21 s21.

In such ultraclean graphene samples, the extreme quantum limit
can be reached at relatively low magnetic field. In the intermediate
field regime B , 10 T (Fig. 2a), we observe an integer quantum Hall
plateau corresponding to n 5 1 at a field as low as B 5 2 T, in addition
to the well-resolved n 5 2 integer quantum Hall plateau already men-
tioned. Similarly, a G 5 0 plateau appears around the region of zero
density (VG 5 VD) for B . 5 T, indicating the onset of an insulating
state at low density. In the multi-terminal Hall bar samples, this
insulating behaviour is considered a signature of the n 5 0 IQHE,
as it accompanies a plateau of Hall conductivity sxy 5 0. In samples
on a substrate5,6, such n 5 0, 61 integer quantum Hall plateaus could
only be observed for B . 20 T. These plateaus are believed to arise

from a magnetic field induced spontaneous symmetry breaking
mediated by e–e interactions16. This suggests that e–e correlations
in ultraclean suspended graphene can be sustained at much lower
fields, compared to graphene on substrates. The strength of e–e inter-
actions in a filled Landau level can be estimated to be proportional to
e2/lb (ref. 18), where lb 5 ("/eB)1/2 is the magnetic length, and thus
increases with B. We therefore expect stronger interaction effects to
occur at higher magnetic fields.

Indeed, two notable features emerge in the high magnetic field
regime, B . 10 T: a peak-like structure and a plateau-like structure,
marked by ‘D’ and ‘A’, respectively (Fig. 2). While the position of the
peak-like feature D remains unchanged, feature A moves to higher
densities with increasing B, developing into a well-defined plateau. As
the density n corresponding to D does not change with B, this feature
is probably due to B-independent rapid threshold fluctuations,
associated with hopping or resonant tunnelling through localized
states23. On the other hand, the electron density corresponding to
the plateau-like structure A changes with increasing B, suggesting
that A is related to a quantum Hall state with n . 0 (ref. 24).

A consistent picture emerges when we plot G as a function of filling
factor estimated as n 5 nQ0/B (Fig. 2b, inset). The traces G(n)
acquired at different magnetic fields collapse onto a single universal
curve around the feature A. The associated plateau has a value of
G 5 0.32 6 0.02 e2/h and is positioned around n 5 0.30 6 0.02. In
contrast, the region around D does not collapse onto a universal
curve, and is therefore of different origin. We assign the observed
plateau A to the hitherto unobserved7–14 fractional quantum Hall
state at n 5 1/3. We note that at our highest field, B 5 14 T, we
observe the n 5 1/3 plateau at n < 1011 cm22, more than an order
of magnitude higher than the estimated density inhomogeneity in
our device. This establishes that our observation of fractional quan-
tization is not caused by the addition of quantum resistance observed
in graphene p–n–p junctions25,26.

Figure 3a shows our analysis of the entire data set in terms of a
Landau fan diagram over the whole experimentally accessible range
of 0 , B , 14 T and jnj, 3.5 3 1011 cm22. While features stemming
from localized states change between thermal cycles, the familiar integer
quantum Hall states at n~+1,+2,+6, appear consistently as the
blue fan stripes with slope dB/dn 5 Q0/n. In addition to the n 5 1/3
fractional quantum Hall state A, we find features fanning out with
distinctly different slopes corresponding to n , 1. These features,
marked ‘B’ and ‘C’, appear only at low density and at high fields,
yielding kink-like structures in G(n) (Fig. 3b). We extract
n 5 0.46 6 0.02, and n 5 0.68 6 0.05 for the states B and C, respectively,
from the slopes of the corresponding lines in Fig. 3a. As before, G(n)
collapses onto a universal curve around B and C at different fields,
allowing the extraction of G 5 0.54 6 0.02 e2/h and 0.94 6 0.02 e2/h,
where the value of conductance is taken at the centre of each feature.

These features, observed in multiple samples both on electron and
hole sides (see Supplementary Information for more details), suggest
additional fractional quantum Hall states, despite being less
developed than the plateau at n 5 1/3 (feature A). As the conductance
values of each features are 20–40% larger than the expected ne2/h with
n 5 0.46 (feature B) and 0.68 (feature C), it is difficult to assign them
to particular fractional quantum Hall states with certainty. We note
however, that features B and C occur near n 5 1/2 and n 5 2/3. It is
likely that the feature C is related to the n 5 2/3 fractional quantum
Hall state, which is expected to be one of the strongest such states in
graphene8. In that case, the deviation of the conductance from the
expected value can be ascribed to a sample-specific effect of the two-
terminal measurement, namely, the mixing of longitudinal and
transverse conductivity, which can yield G values higher than those
of traditional four-probe measurements27. The origin of feature B is
even more unclear. Judging from FQHEs in traditional 2DESs, the
next state to expect is n 5 2/5. Yet its position around n 5 1/2 rather
suggests it might be the two-probe signature of a broad minimum in
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trace, allowing identification of feature A as the fractional quantum Hall
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QHE in graphene

lmfp < L/2 and the conductivity s!n1=2
s , as expected for ballistic

transport (Fig. 1b, c). Furthermore the lowest carrier density, typi-
cally ns0 < (2–10) 3 109 cm22, is more than an order of magnitude
below that achieved in non-suspended samples, attesting to a much
smaller density inhomogeneity10. For non-ballistic samples (gra-
phene as well as 2DES in semiconductors), the sample quality is
usually characterized by the carrier mobility. In ballistic graphene
samples however, the value of mobility is meaningful only when it
is associated with the carrier density at which it is measured. For the
sample studied here, the Drude mobility, mD~s=nse, at ns < 1010 cm22

is 260,000 cm2 V21 s21, and exhibits the !ns
{1=2 dependence on

carrier density expected for ballistic devices (the field effect mobility
at the same density is mfe~

1
e

ds
dns

<200,000 cm2V{1s{1).

We studied the two-terminal magneto-transport in suspended
graphene samples at temperatures ranging from 1.2 K to 80 K and
fields up to 12 T. The relation between magneto-resistance oscilla-
tions and the quantum Hall effect measured in two-terminal devices
is now well understood. It has been shown theoretically21 that, for
clean samples and low temperatures, the two-terminal conductance
displays plateaus at values G~n e2

h that are precisely the same as the
quantum Hall effect plateaus in the Hall conductance. In between
the plateaus the conductance is non-monotonic, depending on the
sample aspect ratio, W/L. In our devices where W . L, the conduc-
tance is expected to overshoot between plateaus, as is indeed
observed (Fig. 1d). Our two-terminal measurements reveal well-
defined plateaus associated with the anomalous quantum Hall effect
that appear already in fields below 1 T. Above 2 T additional plateaus
develop at n 5 21 and at n 5 3, reflecting interaction-induced lifting
of the spin and valley degeneracy (Figs 2a and 3c). At low tempera-
tures and above 2 T, we observe a FQHE plateau at n 5 21/3 which
becomes better defined with increasing field (Fig. 2a). When plotting
G versus n, the curves for all values of B collapse together (Fig. 2b),
and the plateaus at n 5 21/3, 21 and 22 show accurate values of the
quantum Hall conductance.

The FQHE in semiconductor based 2DES reflects the formation of
an incompressible condensate, which can be described by a Laughlin
wavefunction22. In the composite-fermion generalization of the
FQHE4,23, a strongly correlated electron liquid in a magnetic field
can minimize its energy when the filling factor belongs to the series
n~ p

2sp+1 (with s and p integers) by forming weakly interacting com-
posite particles consisting of an electron and an even number of
captured magnetic flux lines. In this picture, the FQHE with
n 5 1/3 corresponds to the integer quantum Hall effect with n 5 1
for the composite particles consisting of one electron and two flux
lines. Excitations out of this state would produce fractionally charged
quasiparticles q* 5 e/3, at an energy cost of the excitation gap, D1/3,
which provides a measure of the state’s robustness. It is not obvious a
priori that the correlated state leading to the FQHE for the relativistic
charge carriers in graphene is the same as that for the 2DES in semi-
conductors. In fact, several competing mechanisms have been dis-
cussed in the theoretical literature4–9, involving states that break
SU(4) symmetry as well as possible compressible, composite fermion
Fermi sea states7. Interestingly, despite the qualitative difference in
Landau level spectra between Dirac fermions in graphene and the
non-relativistic electrons in semiconductors, the n 5 1/3 state is
formally expected to be the same in both cases4,5 but with the pseu-
dospin in graphene playing the role of the traditional electron spin in
the non-relativistic case. In order to distinguish experimentally
between the various mechanisms, it is useful to study the quasipar-
ticle excitation energy. In multi-lead transport measurements, such
as the Hall bar configuration, this can be obtained from the temper-
ature dependence of the longitudinal conductance. However, in a two-
terminal measurement it is not possible to separate the longitudinal
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Figure 1 | Characteristics of the suspended graphene devices. a, False-
colour scanning electron microscopy image of a typical suspended graphene
device. The two centre pads are used for both current and voltage leads, while
the outer pads are for structural support. The lead separation is L 5 0.7mm,
and the typical graphene width is 1.5–3 mm. b, Carrier density dependence of
the resistivity of a suspended graphene device in zero field. The sharp gate
control of resistivity near the Dirac point indicates a low level of
perturbation from random potentials. c, Carrier density dependence of the
mean free path, lmfp~

s h
2e2(pns)1=2, of the sample in b. Note that on the hole

branch, lmfp < L/2, as expected for ballistic junctions. d, Conductance of the
suspended graphene sample as a function of filling factor n for B 5 1 T and
T 5 1.2 K. The plateaus seen at integer filling factors correspond to the
quantum Hall effect, as discussed in the text. The maxima in between the
plateaus agree with the theoretical expectations21 for a two-terminal
graphene junction with the geometry of our sample, W/L . 1. The quantum
Hall plateaus are better defined and narrower for the hole branch (negative
filling factors), indicating less scattering of hole carriers, consistent with the
lower resistance and longer mean free path on the hole branch, as shown in
b and c.

R
 (Ω

)

104
104

105

105

–20 –10 0
Vg (V)

1/3

1

2

G
 (e

2 /
h)

0

1

2

ν
0–1–2 –1/3 –20 –10 0

Vg (V)

R
 (Ω

)

1

1/3

1/3

a b c2 T
5 T
8 T
12 T

6 T
8 T
10 T
12 T

1.2 K
4.2 K
10 K
20 K
40 K

Figure 2 | FQHE in suspended graphene. a, Gate voltage dependence of
resistance for the sample in Fig. 1, at indicated magnetic fields and T 5 1.2 K.
Already at 2 T we note the appearance of quantum Hall plateaus outside the
non-interacting sequence, with R~ 1

v
h

e2 ,v~1,1=3. b, Hole conductance as a
function of filling factors for B 5 6T, 8T, 10T and 12T at T 5 1.2 K, showing

that the data collapse together. Quantum Hall plateaus with conductance
values G~v e2

h ,v~1,1=3, appear at the correct filling factors of n5 21, 21/
3. c, Temperature dependence of the quantum Hall plateau features. The
plateaus at n 5 21/3, 21 become smeared out with increasing T and
disappear for T . 20 K.
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for fabrication details). These devices are mechanically more robust
and tend to better survive thermal cycling, compared to the previ-
ously studied multiprobe specimens19. The devices are measured in a
cryostat capable of magnetic fields B up to 14 T and temperatures T
between 2 and 15 K. The two-terminal conductance G is recorded as a
function of B, T and n, which is tuned by adjusting the voltage VG

between the graphene and the back gate electrode. We limit
jVGj, 10 V in order to avoid collapse of the graphene due to elec-
trostatic attraction, limiting the accessible carrier densities to
jnj, 3.5 3 1011 cm22. At T 5 2 K, a sharp peak in resistance
R 5 1/G is evident around the Dirac point VD < 2 V; at this gate
voltage, graphene is charge neutral (Fig. 1b). From the observed
full-width at half-maximum of R(VG), we estimate the density
inhomogeneity of the suspended graphene to be less than
1 3 1010 cm22 (refs 19, 21).

We first confirm the high quality of the suspended graphene
devices by studying them at low magnetic fields. Remarkably, even
at B 5 0.3 T we observe a developing plateau in G at 2e2/h associated
with the IQHE at n 5 2. At B 5 1 T, fully developed plateaus are
evident at n 5 62, 66, 610 (Fig. 1c). It is convenient to visualize
the IQHE by means of a Landau fan diagram, where the derivative
jdG/dn(B,n)j is plotted as a function of B and n (Fig. 1c). At a
quantum Hall plateau corresponding to filling factor n, the conduc-
tance remains constant G(VG) 5 ne2/h, and the electron density is
given by n(B) 5 Bn/Q0, where Q0 5 h/e is the magnetic flux quantum.
Therefore, quantum Hall plateaus dG/dn 5 0 appear as stripes fanning
out from point B 5 0, VG 5 VD and with slope dn/dB 5 n/Q0. We
observe such stripes down to B , 0.1 T, indicating that the quantum
Hall effect survives to very low fields. Assuming mB? 1 for the IQHE
to exist19, this observation implies a lower bound for the mobility of
,100,000 cm2 V21 s21.

In such ultraclean graphene samples, the extreme quantum limit
can be reached at relatively low magnetic field. In the intermediate
field regime B , 10 T (Fig. 2a), we observe an integer quantum Hall
plateau corresponding to n 5 1 at a field as low as B 5 2 T, in addition
to the well-resolved n 5 2 integer quantum Hall plateau already men-
tioned. Similarly, a G 5 0 plateau appears around the region of zero
density (VG 5 VD) for B . 5 T, indicating the onset of an insulating
state at low density. In the multi-terminal Hall bar samples, this
insulating behaviour is considered a signature of the n 5 0 IQHE,
as it accompanies a plateau of Hall conductivity sxy 5 0. In samples
on a substrate5,6, such n 5 0, 61 integer quantum Hall plateaus could
only be observed for B . 20 T. These plateaus are believed to arise

from a magnetic field induced spontaneous symmetry breaking
mediated by e–e interactions16. This suggests that e–e correlations
in ultraclean suspended graphene can be sustained at much lower
fields, compared to graphene on substrates. The strength of e–e inter-
actions in a filled Landau level can be estimated to be proportional to
e2/lb (ref. 18), where lb 5 ("/eB)1/2 is the magnetic length, and thus
increases with B. We therefore expect stronger interaction effects to
occur at higher magnetic fields.

Indeed, two notable features emerge in the high magnetic field
regime, B . 10 T: a peak-like structure and a plateau-like structure,
marked by ‘D’ and ‘A’, respectively (Fig. 2). While the position of the
peak-like feature D remains unchanged, feature A moves to higher
densities with increasing B, developing into a well-defined plateau. As
the density n corresponding to D does not change with B, this feature
is probably due to B-independent rapid threshold fluctuations,
associated with hopping or resonant tunnelling through localized
states23. On the other hand, the electron density corresponding to
the plateau-like structure A changes with increasing B, suggesting
that A is related to a quantum Hall state with n . 0 (ref. 24).

A consistent picture emerges when we plot G as a function of filling
factor estimated as n 5 nQ0/B (Fig. 2b, inset). The traces G(n)
acquired at different magnetic fields collapse onto a single universal
curve around the feature A. The associated plateau has a value of
G 5 0.32 6 0.02 e2/h and is positioned around n 5 0.30 6 0.02. In
contrast, the region around D does not collapse onto a universal
curve, and is therefore of different origin. We assign the observed
plateau A to the hitherto unobserved7–14 fractional quantum Hall
state at n 5 1/3. We note that at our highest field, B 5 14 T, we
observe the n 5 1/3 plateau at n < 1011 cm22, more than an order
of magnitude higher than the estimated density inhomogeneity in
our device. This establishes that our observation of fractional quan-
tization is not caused by the addition of quantum resistance observed
in graphene p–n–p junctions25,26.

Figure 3a shows our analysis of the entire data set in terms of a
Landau fan diagram over the whole experimentally accessible range
of 0 , B , 14 T and jnj, 3.5 3 1011 cm22. While features stemming
from localized states change between thermal cycles, the familiar integer
quantum Hall states at n~+1,+2,+6, appear consistently as the
blue fan stripes with slope dB/dn 5 Q0/n. In addition to the n 5 1/3
fractional quantum Hall state A, we find features fanning out with
distinctly different slopes corresponding to n , 1. These features,
marked ‘B’ and ‘C’, appear only at low density and at high fields,
yielding kink-like structures in G(n) (Fig. 3b). We extract
n 5 0.46 6 0.02, and n 5 0.68 6 0.05 for the states B and C, respectively,
from the slopes of the corresponding lines in Fig. 3a. As before, G(n)
collapses onto a universal curve around B and C at different fields,
allowing the extraction of G 5 0.54 6 0.02 e2/h and 0.94 6 0.02 e2/h,
where the value of conductance is taken at the centre of each feature.

These features, observed in multiple samples both on electron and
hole sides (see Supplementary Information for more details), suggest
additional fractional quantum Hall states, despite being less
developed than the plateau at n 5 1/3 (feature A). As the conductance
values of each features are 20–40% larger than the expected ne2/h with
n 5 0.46 (feature B) and 0.68 (feature C), it is difficult to assign them
to particular fractional quantum Hall states with certainty. We note
however, that features B and C occur near n 5 1/2 and n 5 2/3. It is
likely that the feature C is related to the n 5 2/3 fractional quantum
Hall state, which is expected to be one of the strongest such states in
graphene8. In that case, the deviation of the conductance from the
expected value can be ascribed to a sample-specific effect of the two-
terminal measurement, namely, the mixing of longitudinal and
transverse conductivity, which can yield G values higher than those
of traditional four-probe measurements27. The origin of feature B is
even more unclear. Judging from FQHEs in traditional 2DESs, the
next state to expect is n 5 2/5. Yet its position around n 5 1/2 rather
suggests it might be the two-probe signature of a broad minimum in
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Figure 2 | Magnetotransport at high magnetic fields. a, G(n) at B 5 2, 5,
9 T. Quantum Hall state n 5 1 develops at B 5 2 T, features with n , 1 form
at 9 T. b, G(n) for B 5 12, 13, 14 T. The data are acquired at T 5 6 K to
suppress resistance fluctuations associated with quantum interference. A
plateau ‘A’ with G < 0.3 e2/h and at a density dependent on B emerges when
B . 11 T. Another feature, ‘B’, appears at constant n at different fields. Inset,
G is replotted as a function of filling factor n 5 nQ0/B for B 5 12, 13, 14 T. At
different fields, the G(n) curves around A collapse onto a single universal
trace, allowing identification of feature A as the fractional quantum Hall
state n 5 1/3.
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We will use graphene as a training ground

(review of graphene: Semenoff’s talk)



Relativistic QH effect

• Consider relativistic fermions in a magnetic field

• What is the low-energy effective theory of the quantum 
Hall states?

• gap: no low-energy degree of freedom

• local effective action

S = Se↵ [Aµ, gµ⌫ ]



Relativistic invariance

• The effective theory must be relativistically invariant

Z[Aµ] =

Z
D D ¯ exp(iS[Aµ, , ¯ ])

Aµ ! A0
µ Se↵ [Aµ] = Se↵ [A

0
µ]

In the same way the effective action must be general-
coordinate invariant



Power counting

• The effective action can be expanded in powers of 
fields and of derivatives

• To organize the expansions, we give count fields as 
different powers of momentum

• One possible scheme is

Fµ⌫ = O(p0)

gµ⌫ = O(p0)

Aµ = O(p�1)



Order O(p-1)

• One term at order O(p-1)

Encodes information about Hall conductivity

S =
�
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�
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Order O(p0)

• At order O(p0) F 2
µ⌫

S = · · ·�
Z

d

3
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p
�g ✏(b)

buµ =
1

2
"µ⌫�F⌫� b =

⇣1
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Fµ⌫F

µ⌫
⌘1/2

ϵ(b): energy density as function of magnetic field

uµuµ = �1

We can instead use b uµand



Order O(p)

• From b and uμ it seems that the only term to 
order O(p) that one can form is

But there is another term to O(p) order

S = · · ·+
Z

d

3
x f(b)✏µ⌫�uµ@⌫u�

f(b) determines by the dynamics



Topological current

• Flat space: identically conserved current

Jµ = "µ⌫�"↵�� u↵ @⌫u� @�u� @µJ
µ = 0

rµJ
µ = 0

uµuµ = �1

In curved space

Jµ = "µ⌫�"↵��u↵

✓
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2
R⌫���

◆

“Euler current”



Analogy with O(3) σ model
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Second topological term
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Second topological term

• Makes sense only around b≠0

=


8⇡

Z
d

3
x

p
�g Aµ"

µ⌫�
"

↵��
u↵

⇣
r⌫u�r�u� � 1

2
R⌫���

⌘

Z
d

3
x

p
�g



8⇡
AµJ

µ



Second topological term

• Makes sense only around b≠0

• Gauge invariant up to a boundary term: ∇μ Jμ=0
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Second topological term

• Makes sense only around b≠0

• Gauge invariant up to a boundary term: ∇μ Jμ=0

• κ cannot be a function of b: ∇μ(κ(b) Jμ) ≠0
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Second topological term

• Makes sense only around b≠0

• Gauge invariant up to a boundary term: ∇μ Jμ=0

• κ cannot be a function of b: ∇μ(κ(b) Jμ) ≠0

• κ has topological interpretation
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Relativistic “shift”
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Relativistic “shift”

• Consider the QH state on a curved manifold
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Relativistic “shift”

• Consider the QH state on a curved manifold
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for example: ⌫ = 1/3  = 2/3



Topology and dynamics

• Thus the coefficient of the new term is determined 
topologically

• cannot change under small change of parameters

• But at the same time, the term itself is not 
topological (depends on the metric)

• contributes to correlation functions



Hall viscosity

• Consider metric perturbations

gij = �ij + hij(t) hii = 0

S = � B

32⇡

Z
d

3
x ✏

jk
hij@thik

⌘H =
B

8⇡

hT11T12i = i⌘H!



Response to inhomogeneous E 
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II. RESPONSE FUNCTIONS

We now compute di↵erent response functions of the relativistic quantum Hall states to

external fields.

First we compute the Hall viscosity. The Hall viscosity is defined through response to

uniform shear metric perturbations. We find

⌘H = ... (24)

Note that the Hall viscosity depends on  alone.

The two point functions of currents give us the response to external electromagnetic field.

One can read it out from the quadratic part of the e↵ective action,
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In particular, we find the correction to �xy at nonzero frequencies and wavenumbers,
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At lowest Landau level, the formula becomes
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Zeroth Landau level symmetry
• For a FQH state on the zeroth Landau level

(@z̄ � iAz̄) = 0
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) † = 0
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$
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More generally

• How much of what we learned in relativistic 
systems can be extended to nonrelativistic systems 
(GaAs)?



Nonrelativistic case
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γ=2: LLL degenerate with zero energy in any magnetic field 
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Nonrelativistic case
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m ! 0LLL limit Dz̄ = 0constraint
correlation functions are finite



NR general coordinate inv.

Gauge invariance: � � ei�� Aµ � Aµ + �µ�

General coordinate invariance:

DTS, M.Wingate 2006 
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NR general coordinate inv.
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Effective theory must respect these unusual symmetries



More on geometry

• System does not live in a 3D Riemann space

• 2D Riemann manifold at any time slice

• can parallel transport along equal-time slices, but 
one need new information to transport 
between different times



Velocity vector v

A vector v needed to parallel transport objects from one 
time slice to another

t+�t

v�t

Newton-Cartan structure: (gij , vi)



Newton-Cartan geometry



Newton-Cartan geometry
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µ = 1



Newton-Cartan geometry

dn = 0 ) n = dt choose t to be time coordinate

(gµ⌫ , nµ, v
µ) gµ⌫n⌫ = 0 nµv

µ = 1



Newton-Cartan geometry

dn = 0 ) n = dt choose t to be time coordinate

(gµ⌫ , nµ, v
µ) gµ⌫n⌫ = 0 nµv

µ = 1

gµ⌫g⌫� = �µ� � vµn� gµ⌫v
⌫ = 0



Newton-Cartan geometry
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Newton-Cartan connection

r�g
µ⌫ = 0 rµn⌫ = 0

Properties:
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Improved gauge potentials

• With v one can construct a gauge potential that 
transforms as a one-form

�Ãµ = �⇠k@kÃµ � Ãk@µ⇠
k
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1

2
"ij@i(gjkv

k)



What is v?

• Microscopic Lagrangian does not involve v

• there is a freedom to choose v

• One possible choice is

F̃µ⌫v
⌫ = 0

vi =
✏ijEj

B
+ · · · drift velocity



Effective field theory
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c = number of boundary modes? Abanov, Gromov 2014



Conclusions

• There is a nontrivial interplay between topology 
and geometry in quantum Hall effects

• Symmetries when put in curved space, implying 
nontrivial results in flat space

• response to inhomogeneous EM field

• Constraints on possible holographic realizations of 
the FQHE



Thank you


