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Introduction

A complex scalar field with φ4 interactions and a chemical potential,
µ, is studied in the presence of an external magnetic field. Complex
Langevin Dynamics is utilised in order to circumvent the sign problem
which arises due to the inclusion of a non-zero chemical potential [1].
Standard numerical approaches cannot be successfully applied to such
a system, as the inclusion of the chemical potential makes the action
complex, meaning that importance sampling is no longer applicable.

The thermodynamic quantities of the system as a function of µ will
be studied in order to determine the nature of its phase structure. At
zero temperature, physical observable are independent of the chemical
potential up to a critical value of the chemical potential, µc. The equa-
tions describing the observables contains terms proportional to µ, but
there is an exact cancellation of the µ dependence in the region µ < µc

(known as the Silver Blaze region). This exact cancellation is referred
to as the Silver Blaze phenomenon [1][2].

The System

The continuum action for a self-interacting complex scalar field with
chemical potential µ in the presence of an external magnetic field is
given by

S =
�

d4x[(∂ν − iqAν)φ∗(∂ν + iqAν)φ + m2φ∗φ − µ2φ∗φ
+λ(φ∗φ)2 + µφ∗∂4φ − µφ∂4φ

∗]
(1)

where q is the charge associated to the field φ, µ is the chemical potential
and the magnetic vector potential, A, is defined as A = B

2 (−y, x, 0).
The complex field may be written in terms of two real fields as
φ = 1√

2
(φ1 + iφ2). The action is discretised in order to allow numeri-

cal analysis. The magnetic vector potential may be incorporated into
the action as complex phases, uν(n) ∈ U(1), in the spatial directions
orthogonal to the direction of the magnetic field [3].
If nx = Nx − 1

ux(n) = e−iq|B|Nxny (2)

If nx �= Nx − 1
ux(n) = 1 (3)

In the ŷ direction
uy(n) = eiq|B|nx (4)

where Nν is the total number of lattice sites in the ν direction and nν

are the individual lattice sites in the ν direction and may take integer
values from 0 to Nν − 1.
The external magnetic field takes discrete values and is described by [3]

q|B| =
2πNb

NxNy

(5)

where Nb is a positive integer.

0 ≤ Nb <
NxNy

4 , 0 ≤ q|B| < π
2

(6)

due to the periodicity of the magnetic field in Nb.

Langevin Dynamics

The Langevin equations, in terms of the Langevin time, θ, for the fields
φa (a = 1, 2) are given by [1]

∂

∂θ
φa,x(θ) = − δS[φ]

δφa,x(θ)
+ ηa,x(θ) (7)

The Gaussian distributed noise, η, is normalised as follows

�ηa,x(θ)� = 0
�ηa,x(θ)ηb,x�(θ�)� = 2δa,bδx,x�δ(θ − θ�)

(8)

The field is complexified as φa → φR
a + iφI

a. The complex Langevin
equations, with the noise chosen to be real, may then be written as

∂
∂θ

φR
a,x(θ) = KR

a,x(θ) + ηa,x(θ)
∂
∂θ

φI
a,x(θ) = KI

a,x(θ)
(9)

where the real and imaginary drift terms, respectively, are defined to
be

KR
a,x = −Re δS

δφa,x
|φa→φR

a +iφI
a

KI
a,x = −Im δS

δφa,x
|φa→φR

a +iφI
a

(10)

The relevant physical observables may be written in terms of derivatives
of the logarithm of the partition function, Z .

Results

The following results were obtained for a 104 lattice with several different values for the external
magnetic field with q|B| taking discrete values between 0 and π

2. The value of the magnetic
field for a 104 lattice is given by q|B| = πNb

50 .

Figure 1: The real part of the density, �n�, (left) and of the modulus of the field squared, �|φ|2�, (right) against µ for different

values of the external magnetic field. For increasing B the onset occurs at larger values of µ and the Silver Blaze region is

extended.

Figure 2: The real part of the �|φ|2� susceptibility, χφ2, (left) of the derivative of χφ2 (right) against µ for different values of

the external magnetic field.

Figure 3: The critical chemical potential squared, µ2
c, against the magnetic field strength (left) and against sin(q|B|) (right).

The results in figure 3 were determined by estimating the positions of the peaks in χφ2. From
a lowest Landau level approximation it can be shown that µ2

c = m2 + q|B|, [4] [5] which would
imply that µ2

c should be proportional to q|B|. However, q|B| enters into the lattice formulation
as sin(q|B|) and so in this case it would be expected that µ2

c should be proportional to sin(q|B|),
rather than q|B|.

Conclusion

The numerical results indicate that for increasing external magnetic field strength the value of
µc increases. This is due to the external magnetic field acting to increase the effective mass,
meaning that a larger value of µ is required in order to counteract this. The increase in µc is
expected to be proportional to

�
sin(q|B|) and the results obtained from the 104 lattice seem

to be in accordance with this. The Silver Blaze region is extended as B is increased. An open
question is the phase structure in the T, µ, B phase diagram.
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